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Introduction

This projects aims at developing a fast Maxwell’s Equation solver using
the discontinuous Galerkin method. As first steps to develop this solver,
we are developing a library which allows us to solve the 1D wave equation
and the 2D wave equation using discontinuous Galerkin method.


1D Wave Eqaution Solver

The 1D wave equation solver is aimed at finding the time evolution of
the 1D wave equation using the discontinuous Galerkin method.
The 1D wave equation is given by the equation:


(1)\[\frac{\partial u}{\partial t} + \frac{\partial F}{\partial x} = 0\]

where,

\(u \equiv u(x, t)\)

\(F(u) = cu\)

where \(c\) is the wave speed.




2D Wave Equation Solver

The 2D wave equation solver is aimed at finding the time evolution of the
2D wave equation using the discontinuous Galerkin method.
The 2D wave equation is given by the equation:


(2)\[\frac{\partial u}{\partial t} + \vec{\nabla} \cdot \vec{F} = 0\]

where,

\(u \equiv u(x, y, t)\)

\(\vec{F} = \vec{c}u\)

\(\vec{c} = c_0\hat{i} + c_1\hat{j}\)

where, \(c_0\) and \(c_1\) denotes
the component of the wave speed in the \(\hat{i}\)
and \(\hat{j}\) direction respectively.

Through the development of the 2D wave equation solver, the code and
the algorithms developed here will help in creating the 2D Maxwell’s
equation solver. Currently the 2D wave equation solver will focus on
solving the wave equation in a rectangular domain in the
\((x, y)\) plane, with periodic boundary conditions.
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isoparam


	
dg_maxwell.isoparam.isoparam_1D(x_nodes, xi)

	Maps points in \(\xi\) space to \(x\) space using the formula
\(x = \frac{1 - \xi}{2} x_0 + \frac{1 + \xi}{2} x_1\)


	Parameters

	x_nodes : arrayfire.Array [2 1 1 1]


Element nodes.




xi : arrayfire.Array [N 1 1 1]


Value of \(\xi\) coordinate for which the corresponding
\(x\) coordinate is to be found.






	Returns

	x : arrayfire.Array


\(x\) value in the element corresponding to \(\xi\).













	
dg_maxwell.isoparam.isoparam_x_2D(x_nodes, xi, eta)

	Finds the \(x\) coordinate using isoparametric mapping of a
\(2^{nd}\) order element with \(8\) nodes


\[(P_0, P_1, P_2, P_3, P_4, P_5, P_6, P_7)\]

Here \(P_i\) corresponds to \((\xi_i, \eta_i)\) coordinates,
\(i \in \{0, 1, ..., 7\}\) respectively, where,


\[\begin{split}(\xi_0, \eta_0) &\equiv (-1,  1) \\
(\xi_1, \eta_1) &\equiv (-1,  0) \\
(\xi_2, \eta_2) &\equiv (-1, -1) \\
(\xi_3, \eta_3) &\equiv ( 0, -1) \\
(\xi_4, \eta_4) &\equiv ( 1, -1) \\
(\xi_5, \eta_5) &\equiv ( 1,  0) \\
(\xi_6, \eta_6) &\equiv ( 1,  1) \\
(\xi_7, \eta_7) &\equiv ( 0,  1)\end{split}\]


	Parameters

	x_nodes : np.ndarray [8]


\(x\) nodes.




xi : float


\(\xi\) coordinate for which \(x\) has to be found.




eta : float


\(\eta\) coordinate for which \(x\) has to be found.






	Returns

	x : float


\(x\) coordinate corresponding to \((\xi, \eta)\) coordinate.













	
dg_maxwell.isoparam.isoparam_y_2D(y_nodes, xi, eta)

	This function allows isoparametric mapping of a \(2^{nd}\) order
element with \(8\) nodes


\[(P_0, P_1, P_2, P_3, P_4, P_5, P_6, P_7)\]

Here \(P_i\) corresponds to \((\xi_i, \eta_i)\) coordinates,
\(i \in \{0, 1, ..., 7\}\) respectively, where,


\[\begin{split}(\xi_0, \eta_0) &\equiv (-1,  1) \\
(\xi_1, \eta_1) &\equiv (-1,  0) \\
(\xi_2, \eta_2) &\equiv (-1, -1) \\
(\xi_3, \eta_3) &\equiv ( 0, -1) \\
(\xi_4, \eta_4) &\equiv ( 1, -1) \\
(\xi_5, \eta_5) &\equiv ( 1,  0) \\
(\xi_6, \eta_6) &\equiv ( 1,  1) \\
(\xi_7, \eta_7) &\equiv ( 0,  1)\end{split}\]


	Parameters

	y_nodes : np.ndarray [8]


\(y\) nodes.




xi : float


\(\xi\) coordinate for which \(y\) has to be found.




eta : float


\(\eta\) coordinate for which \(y\) has to be found.






	Returns

	float


\(y\) coordinate corresponding to \((\xi, \eta)\) coordinate.
















          

      

      

    

  

    
      
          
            
  
lagrange


	
dg_maxwell.lagrange.L1_norm(u)

	A function to calculate the L1 norm of error using
the polynomial obtained using Lagrange interpolation


	Parameters

	u : arrayfire.Array [N_LGL N_Elements 1 1]


Difference between analytical and numerical u at the mapped LGL points.






	Returns

	L1_norm : float64


The L1 norm of error.













	
dg_maxwell.lagrange.LGL_points(N)

	Calculates \(N\) Legendre-Gauss-Lobatto (LGL) points.
LGL points are the roots of the polynomial


\[(1 - \xi^2) P_{n - 1}'(\xi) = 0\]

Where \(P_{n}(\xi)\) are the Legendre polynomials.
This function finds the roots of the above polynomial.


	Parameters

	N : int


Number of LGL nodes required






	Returns

	lgl : arrayfire.Array [N 1 1 1]


The Lagrange-Gauss-Lobatto Nodes.




See: document [https://goo.gl/KdG2Sv]










	
dg_maxwell.lagrange.gauss_nodes(n)

	Calculates \(N\) Gaussian nodes used for Integration by
Gaussia quadrature.
Gaussian node \(x_i\) is the \(i^{th}\) root of
\(P_n(\xi)\)
Where \(P_{n}(\xi)\) are the Legendre polynomials.


	Parameters

	n : int


The number of Gaussian nodes required.






	Returns

	gauss_nodes : numpy.ndarray


The Gauss nodes \(x_i\).




See: A Wikipedia article about the Gauss-Legendre quadrature here [https://goo.gl/9gqLpe]










	
dg_maxwell.lagrange.gaussian_weights(N)

	Returns the gaussian weights \(w_i\) for \(N\) Gaussian Nodes
at index \(i\). They are given by


\[w_i = \frac{2}{(1 - x_i^2) P'n(x_i)}\]

Where \(x_i\) are the Gaussian nodes and \(P_{n}(\xi)\)
are the Legendre polynomials.


	Parameters

	N : int


Number of Gaussian nodes for which the weight is to be calculated.






	Returns

	gaussian_weight : arrayfire.Array [N_quad 1 1 1]


The gaussian weights.













	
dg_maxwell.lagrange.integrate(integrand_coeffs)

	Performs integration according to the given quadrature method
by taking in the coefficients of the polynomial and the number of
quadrature points.
The number of quadrature points and the quadrature scheme are set
in params.py module.


	Parameters

	integrand_coeffs : arrayfire.Array [M N 1 1]


The coefficients of M number of polynomials of order N
arranged in a 2D array.




Returns

——-

Integral : arrayfire.Array [M 1 1 1]


The value of the definite integration performed using the
specified quadrature method for M polynomials.













	
dg_maxwell.lagrange.lagrange_function_value(lagrange_coeff_array)

	Funtion to calculate the value of lagrange basis functions over LGL
nodes.


	Parameters

	lagrange_coeff_array : arrayfire.Array[N_LGL N_LGL 1 1]


Contains the coefficients of the
Lagrange basis polynomials






	Returns

	L_i : arrayfire.Array [N 1 1 1]


The value of lagrange basis functions calculated over the LGL
nodes.




Examples

lagrange_function_value(4) gives the value of the four

Lagrange basis functions evaluated over 4 LGL points

arranged in a 2D array where Lagrange polynomials

evaluated at the same LGL point are in the same column.

Also the value lagrange basis functions at LGL points has the property,

L_i(xi_k) = 0 for i != k


= 1 for i  = k




It follows then that lagrange_function_value returns an identity matrix.










	
dg_maxwell.lagrange.lagrange_interpolation(fn_i)

	Finds the general interpolation of a function.


	Parameters

	fn_i : af.Array [N N_LGL 1 1]


Value of \(N\) functions at the LGL points.






	Returns

	lagrange_interpolation : af.Array [N N_LGL 1 1]


\(N\) interpolated polynomials for
\(N\) functions.













	
dg_maxwell.lagrange.lagrange_interpolation_u(u)

	Calculates the coefficients of the Lagrange interpolation using
the value of u at the mapped LGL points in the domain.

The interpolation using the Lagrange basis polynomials is given by

\(L_i(\xi) u_i(\xi)\)

Where L_i are the Lagrange basis polynomials and u_i is the value
of u at the LGL points.


	Parameters

	u : arrayfire.Array [N_LGL N_Elements 1 1]


The value of u at the mapped LGL points.






	Returns

	lagrange_interpolated_coeffs : arrayfire.Array[1 N_LGL N_Elements 1]


The coefficients of the polynomials obtained
by Lagrange interpolation. Each polynomial
is of order N_LGL - 1.













	
dg_maxwell.lagrange.lagrange_polynomials(x)

	A function to get the analytical form and the coefficients of
Lagrange basis polynomials evaluated using x nodes.

It calculates the Lagrange basis polynomials using the formula:


\[\
L_i = \prod_{m = 0, m \notin i}^{N - 1}\frac{(x - x_m)}{(x_i - x_m)}\]


	Parameters

	x : numpy.array [N_LGL 1 1 1]


Contains the \(x\) nodes using which the
lagrange basis functions need to be evaluated.






	Returns

	lagrange_basis_poly : list


A list of size x.shape[0] containing the
analytical form of the Lagrange basis polynomials
in numpy.poly1d form. This list is used in
integrate() function which requires the analytical
form of the integrand.




lagrange_basis_coeffs : numpy.ndarray


A \(N \times N\) matrix containing the
coefficients of the Lagrange basis polynomials such
that \(i^{th}\) lagrange polynomial will be the
\(i^{th}\) row of the matrix.




Examples

lagrange_polynomials(4)[0] gives the lagrange polynomials obtained using

4 LGL points in poly1d form

lagrange_polynomials(4)[0][2] is \(L_2(\xi)\)

lagrange_polynomials(4)[1] gives the coefficients of the above mentioned

lagrange basis polynomials in a 2D array.

lagrange_polynomials(4)[1][2] gives the coefficients of \(L_2(\xi)\)

in the form [a^2_3, a^2_2, a^2_1, a^2_0]










	
dg_maxwell.lagrange.lobatto_weights(n)

	Calculates and returns the weight function for an index n
and points x.


	Parameters

	n : int


Lobatto weights for n quadrature points.






	Returns

	Lobatto_weights : arrayfire.Array


An array of lobatto weight functions for
the given x points and index.




See: Gauss-Lobatto weights Wikipedia link [https://goo.gl/kYqTyK].

Examples

lobatto_weight_function(4) returns the Gauss-Lobatto weights

which are to be used with the Lobatto nodes ‘LGL_points(4)’

to integrate using Lobatto quadrature.













          

      

      

    

  

    
      
          
            
  
msh_parser


	
dg_maxwell.msh_parser.plot_element_boundary(x_nodes, y_nodes, axes_handler, grid_width=2.0, grid_color='blue')

	Plots the boundary of a given \(2^{nd}\) order element.


	Parameters

	x_nodes : np.ndarray [8]


\(x\) nodes of the element.




y_nodes : np.ndarray [8]


\(y\) nodes of the element.




axes_handler : matplotlib.axes.Axes


The plot handler being used to plot the element grid.
You may generate it by calling the function pyplot.axes()




grid_width : float


Grid line width.




grid_color : str


Grid line color.






	Returns

	None










	
dg_maxwell.msh_parser.plot_element_grid(x_nodes, y_nodes, xi_LGL, eta_LGL, axes_handler, grid_width=1.0, grid_color='red')

	Uses the \(\xi_{LGL}\) and \(\eta_{LGL}\) points to plot a grid
in the \(x-y\) plane using the points corresponding to the
\((\xi_{LGL}, \eta_{LGL})\) points.

Usage

	 1
 2
 3
 4
 5
 6
 7
 8
 9
10
11
12
13
14
15
16
17
18
19
20
21
22

	# Plots a grid for an element using 8 LGL points

N_LGL        = 8
xi_LGL       = lagrange.LGL_points(N)
eta_LGL      = lagrange.LGL_points(N)

# 8 x_nodes and y_nodes of an element
x_nodes = [0., 0., 0., 0.5, 1., 1., 1., 0.5]
y_nodes = [1., 0.5, 0., 0., 0., 0.5,  1., 1.]

axes_handler = pyplot.axes()
msh_parser.plot_element_grid(x_nodes, y_nodes,
                             xi_LGL, eta_LGL, axes_handler)

pyplot.title(r'Gird plot of an element.')
pyplot.xlabel(r'$x$')
pyplot.ylabel(r'$y$')

pyplot.xlim(-.1, 1.1)
pyplot.ylim(-.1, 1.1)

pyplot.show()








	Parameters

	x_nodes : np.array [8]


x_nodes of the element.




y_nodes : np.array [8]


y_nodes of the element.




xi_LGL : np.array [N_LGL]


LGL points on the \(\xi\) axis




eta_LGL : np.array [N_LGL]


LGL points on the \(\eta\) axis




axes_handler : matplotlib.axes.Axes


The plot handler being used to plot the element grid.
You may generate it by calling the function pyplot.axes()




grid_width : float


Grid line width.




grid_color : str


Grid line color.






	Returns

	None










	
dg_maxwell.msh_parser.plot_mesh_grid(nodes, elements, xi_LGL, eta_LGL, axes_handler)

	Plots the mesh grid.


	Parameters

	nodes : np.ndarray [N, 2]


Array of nodes in the mesh. First column and the second column are
the \(x\) and \(y\) coordinates respectivily.




elements : np.ndarray [N_e, 8]


Array of elements.




xi_LGL : np.array [N_LGL]


LGL points on the \(\xi\) axis




eta_LGL : np.array [N_LGL]


LGL points on the \(\eta\) axis




axes_handler : matplotlib.axes.Axes


The plot handler being used to plot the element grid.
You may generate it by calling the function pyplot.axes()






	Returns

	None










	
dg_maxwell.msh_parser.read_order_2_msh(msh_file)

	Parses the \(2^{nd}\) order .msh files.


	Parameters

	msh_file : str


.msh file to be parsed






	Returns

	tuple(np.ndarray, np.ndarray)


Tuple of Nodes and Elements respectively.
Nodes is a \(N \times 2\) array, where, \(N\) is the
total number of Nodes in the mesh. Each node contains it’s
\((x, y)\) coordinates.
Elements is a \(N_e \times 8\) array which contains the tags
of all the nodes which defines each element. A tag of a node is
the array index of a node.
















          

      

      

    

  

    
      
          
            
  
utils


	
dg_maxwell.utils.add(a, b)

	For broadcasting purposes, To sum two arrays of different
shapes, A function which can sum two variables is required.


	Parameters

	a : arrayfire.Array [N M 1 1]


One of the arrays which need to be broadcasted and summed.




b : arrayfire.Array [1 M L 1]


One of the arrays which need to be broadcasted and summed.






	Returns

	add : arrayfire.Array [N M L 1]


returns the sum of a and b. When used along with af.broadcast
can be used to sum different size arrays.













	
dg_maxwell.utils.divide(a, b)

	For broadcasting purposes, To divide two arrays of different
shapes, A function which can sum two variables is required.


	Parameters

	a : arrayfire.Array [N M 1 1]


One of the arrays which need to be broadcasted and divided.




b : arrayfire.Array [1 M L 1]


One of the arrays which need to be broadcasted and divided.






	Returns

	quotient : arrayfire.Array [N M L 1]


The quotient a / b. When used along with af.broadcast
can be used to give quotient of two different size arrays
by dividing elements of the broadcasted array.













	
dg_maxwell.utils.linspace(start, end, number_of_points)

	Linspace implementation using arrayfire.


	Returns

	X : arrayfire.Array


An array which contains ‘number_of_points’ evenly spaced points
between ‘start’ and ‘end’













	
dg_maxwell.utils.matmul_3D(a, b)

	Finds the matrix multiplication of \(Q\) pairs of matrices a and
b.


	Parameters

	a : af.Array [M N Q 1]


First set of \(Q\) 2D arrays \(N \neq 1\) and \(M \neq 1\).




b : af.Array [N P Q 1]


Second set of \(Q\) 2D arrays \(P \neq 1\).






	Returns

	matmul : af.Array [M P Q 1]


Matrix multiplication of \(Q\) sets of 2D arrays.













	
dg_maxwell.utils.multiply(a, b)

	For broadcasting purposes, To divide two arrays of different
shapes, A function which can sum two variables is required.


	Parameters

	a : arrayfire.Array [N M 1 1]


One of the arrays which need to be broadcasted and multiplying.




b : arrayfire.Array [1 M L 1]


One of the arrays which need to be broadcasted and multiplying.






	Returns

	product : arrayfire.Array [N M L 1]


The product a * b . When used along with af.broadcast
can be used to give quotient of two different size arrays
by multiplying elements of the broadcasted array.













	
dg_maxwell.utils.plot_line(points, axes_handler, grid_width=2.0, grid_color='blue')

	Plots curves using the given \((x, y)\) points. It joins the
points using lines in the given order.


	Parameters

	points : np.ndarray [N, 2]


\((x, y)\) coordinates of \(N\) points. First and second
column stores \(x\) and \(y\) coordinates of an point.




axes_handler : matplotlib.axes.Axes


The plot handler being used to plot the element grid.
You may generate it by calling the function pyplot.axes()




grid_width : float


Grid line width.




grid_color : str


Grid line color.






	Returns

	None










	
dg_maxwell.utils.poly1d_product(poly_a, poly_b)

	Finds the product of two polynomials using the arrayfire convolve1
function.


	Parameters

	poly_a : af.Array[N degree_a 1 1]


\(N\) polynomials of degree \(degree\)




poly_b : af.Array[N degree_b 1 1]


\(N\) polynomials of degree \(degree_b\)













	
dg_maxwell.utils.polyval_1d(polynomials, xi)

	Finds the value of the polynomials at the given \(\xi\) coordinates.


	Parameters

	polynomials : af.Array [number_of_polynomials N 1 1]


number_of_polynomials \(2D\) polynomials of degree
\(N - 1\) of the form


\[P(x) = a_0x^0 + a_1x^1 + ... \
a_{N - 1}x^{N - 1} + a_Nx^N\]




xi : af.Array [N 1 1 1]


\(\xi\) coordinates at which the \(i^{th}\) Lagrange
basis polynomial is to be evaluated.






	Returns

	af.Array [i.shape[0] xi.shape[0] 1 1]


Evaluated polynomials at given \(\xi\) coordinates













	
dg_maxwell.utils.power(a, b)

	For broadcasting purposes, To divide two arrays of different
shapes, A function which can sum two variables is required.


	Parameters

	a : arrayfire.Array [N M 1 1]


One of the arrays which need to be broadcasted and multiplying.




b : arrayfire.Array [1 M L 1]


One of the arrays which need to be broadcasted and multiplying.






	Returns

	power : arrayfire.Array [N M L 1]


The quotient a / b. When used along with af.broadcast
can be used to give quotient of two different size arrays
by multiplying elements of the broadcasted array.













	
dg_maxwell.utils.shape(array)

	







          

      

      

    

  

    
      
          
            
  
wave_equation


	
dg_maxwell.wave_equation.A_matrix()

	Calculates A matrix whose elements \(A_{p i}\) are given by
\(A_{pi} = \int^1_{-1} L_p(\xi)L_i(\xi) \frac{dx}{d\xi}\)

The integrals are computed using the integrate() function.
Since elements are taken to be of equal size, \(\frac {dx}{d\xi}\)
is same everywhere


	Returns

	A_matrix : arrayfire.Array [N_LGL N_LGL 1 1]


The value of integral of product of lagrange basis functions
obtained by LGL points, using the integrate() function













	
dg_maxwell.wave_equation.RK4_timestepping(A_inverse, u, delta_t)

	Implementing the Runge-Kutta (RK4) method to evolve the wave.


	Parameters

	A_inverse : arrayfire.Array[N_LGL N_LGL M 1]


The inverse of the A matrix for \(M\) differential
equations.




u : arrayfire.Array[N_LGL N_Elements M 1]


u at the mapped LGL points




delta_t : float64


The time-step by which u is to be evolved.






	Returns

	delta_u : arrayfire.Array [N_LGL N_Elements 1 1]


The change in u at the mapped LGL points.













	
dg_maxwell.wave_equation.b_vector(u_n)

	Calculates the b vector for N_Elements number of elements.


	Parameters

	u_n : arrayfire.Array [N_LGL N_Elements 1 1]


Amplitude of the wave at the mapped LGL nodes of each element.






	Returns

	b_vector_array : arrayfire.Array [N_LGL N_Elements 1 1]


Contains the b vector(of shape [N_LGL 1 1 1])
for each element.




See: Report [https://goo.gl/sNsXXK] for the b-vector can be found here










	
dg_maxwell.wave_equation.dx_dxi_analytical(x_nodes, xi)

	The analytical result for \(\frac{dx}{d \xi}\) for a 1D element is
\(\frac{x_1 - x_0}{2}\)


	Parameters

	x_nodes : arrayfire.Array [2 N_Elements 1 1]


Contains the nodes of elements.




xi : arrayfire.Array [N_LGL 1 1 1]


Values of \(\xi\).






	Returns

	analytical_dx_dxi : arrayfire.Array [N_Elements 1 1 1]


The analytical solution of
\(\frac{dx}{d\xi}\) for an element.













	
dg_maxwell.wave_equation.dx_dxi_numerical(x_nodes, xi)

	Differential \(\frac{dx}{d \xi}\) calculated by central
differential method about xi using the mapping_xi_to_x function.


	Parameters

	x_nodes : arrayfire.Array [N_Elements 1 1 1]


Contains the nodes of elements.




xi : arrayfire.Array [N_LGL 1 1 1]


Values of \(\xi\)






	Returns

	dx_dxi : arrayfire.Array [N_Elements 1 1 1]


\(\frac{dx}{d \xi}\).













	
dg_maxwell.wave_equation.flux_x(u)

	A function which returns the value of flux for a given wave function u.
\(f(u) = c u^k\)


	Parameters

	u : list [N_Elements]


The analytical form of the wave equation for each element arranged in
a list of numpy.poly1d polynomials.






	Returns

	flux : list [N_Elements]


The analytical value of the flux for each element arranged in a list
of numpy.poly1d polynomials.













	
dg_maxwell.wave_equation.lax_friedrichs_flux(u_n)

	Calculates the lax-friedrichs_flux \(f_i\) using.


\[f_i = \frac{F(u^{i + 1}_0) + F(u^i_{N_{LGL} - 1})}{2} - \
\frac{\Delta x}{2\Delta t} (u^{i + 1}_0 - u^i_{N_{LGL} - 1})\]

The algorithm used is explained in this document


	Parameters

	u_n : arrayfire.Array [N_LGL N_Elements M 1]


Amplitude of the wave at the mapped LGL nodes of each element.
This code will work for \(M\) multiple u_n.






	Returns

	boundary_flux : arrayfire.Array [1 N_Elements 1 1]


Contains the value of the flux at the boundary elements.
Periodic boundary conditions are used.













	
dg_maxwell.wave_equation.mapping_xi_to_x(x_nodes, xi)

	Maps points in \(\xi\) space to \(x\) space using the formula
\(x = \frac{1 - \xi}{2} x_0 + \frac{1 + \xi}{2} x_1\)


	Parameters

	x_nodes : arrayfire.Array [2 1 1 1]


Element nodes.




xi : arrayfire.Array [N 1 1 1]


Value of \(\xi\) coordinate for which the corresponding
\(x\) coordinate is to be found.






	Returns

	x : arrayfire.Array


\(x\) value in the element corresponding to \(\xi\).













	
dg_maxwell.wave_equation.surface_term(u_n)

	Calculates the surface term,
\(L_p(1) f_i - L_p(-1) f_{i - 1}\)
using the lax_friedrichs_flux function and lagrange_basis_value
from params module.


	Parameters

	u_n : arrayfire.Array [N_LGL N_Elements M 1]


Amplitude of the wave at the mapped LGL nodes of each element.
This code will work for multiple \(M\) u_n






	Returns

	surface_term : arrayfire.Array [N_LGL N_Elements M 1]


The surface term represented in the form of an array,
\(L_p (1) f_i - L_p (-1) f_{i - 1}\), where p varies
from zero to \(N_{LGL}\) and i from zero to
\(N_{Elements}\). p varies along the rows and i along
columns.




See: PDF [https://goo.gl/Nhhgzx] describing the algorithm to obtain the surface term.










	
dg_maxwell.wave_equation.time_evolution(u=None)

	Solves the wave equation


\[u^{t_n + 1} = b(t_n) \times A\]

iterated over time.shape[0] time steps t_n

Second order time stepping is used.
It increases the accuracy of the wave evolution.

The second order time-stepping would be
U^{n + 1/2} = U^n + dt / 2 (A^{-1} B(U^n))
U^{n + 1}   = U^n + dt     (A^{-1} B(U^{n + 1/2}))


	Returns

	None










	
dg_maxwell.wave_equation.upwind_flux(u_n)

	Finds the upwind flux of all the element edges present inside a domain.


	Parameters

	u_n : arrayfire.Array [N_LGL N_Elements M 1]


Amplitude of the wave at the mapped LGL nodes of each element.
This code will work for \(M\) multiple u_n.






	Returns

	flux_x : arrayfire.Array [1 N_Elements 1 1]


Contains the value of the flux at the boundary elements.
Periodic boundary conditions are used.













	
dg_maxwell.wave_equation.upwind_flux_maxwell_eq(u_n)

	Finds the upwind flux of all the element edges present inside a domain
for Mode \(1\) of Maxwell’s equations.
Please refer to maxwell_equation_pbc_1d.pdf for the derivation
of the modes.


	Parameters

	u_n : arrayfire.Array [N_LGL N_Elements M 1]


Amplitude of the wave at the mapped LGL nodes of each element.
This code will work for \(M\) multiple u_n.






	Returns

	flux_x : arrayfire.Array [1 N_Elements 1 1]


Contains the value of the flux at the boundary elements.
Periodic boundary conditions are used.













	
dg_maxwell.wave_equation.volume_integral_flux(u_n)

	Calculates the volume integral of flux in the wave equation.

\(\int_{-1}^1 f(u) \frac{d L_p}{d\xi} d\xi\)

This will give N values of flux integral as p varies from 0 to N - 1.

This integral is carried out using the analytical form of the integrand
obtained as a linear combination of Lagrange basis polynomials.

This integrand is the used in the integrate() function.

Calculation of volume integral flux using N_LGL Lobatto quadrature points
can be vectorized and is much faster.


	Parameters

	u : arrayfire.Array [N_LGL N_Elements M 1]


Amplitude of the wave at the mapped LGL nodes of each element. This
function can computer flux for \(M\) \(u\).






	Returns

	flux_integral : arrayfire.Array [N_LGL N_Elements M 1]


Value of the volume integral flux. It contains the integral
of all N_LGL * N_Element integrands.
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